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Abstract:
The behavior of a steel frame bridge is analyzed using finite element
software SAP2000 and eigenvalue system algorithm (ERA). The finite
element model built by SAP2000 conforms well with previous
experiment results. At the same time, the acceleration data was derived
from the model and used as the input for ERA, assuming that they are the
only data that could be obtained through field testing. It’s demonstrated
that ERA could be an effective method to obtain the dynamic properties
of structures when provided with suitable data.

Introduction

Modal parameters have always been playing a
critical role in the evaluation of structures’ dynamic
behavior. Extensive research has been performed in
the field of civil engineering using dynamic properties,
resulting in the rapid development of several modal
identification methodologies to determine related
characteristics. Among these methods, the finite
element (FE) method is one commonly used approach
to calculate these modal parameters. Provided with
detailed construction data, modal parameters such as
natural frequency or mode shape could be quickly
calculated by FE software through their built-in
algorithms (e.g. Block Lanczos algorithm etc.)

Nonetheless, cases where the FE model yields an
inaccurate result are quite common, as loss or
deviation of original structure data is often inevitable.
To make up for this defect, many other modal
identification methodologies have been proposed, and
they have become the key point of a large number of
structural health monitoring techniques [1-7]. These
methods can be classified into two types: input-output
method and output-only method. The former requires
both measurement of input exciting the structures (e.g.
displacement, acceleration etc.) and the reaction of the
input (e.g. acceleration, strain etc.). The latter method,
which assume that the excitation is stochastic with
specific parameters, solely demands for the reaction of
structures. The only method that this paper concerns is
the input-output method.

One of the several methods used to identify modal
characteristics according to the input excitation and
response measurements is the eigensystem realization
algorithm (ERA), proposed by Juang et al. [8] The
foundation of this method is two assumptions: the
structure is a linear time invariant (LTI) system, and
the excitation is uncorrelated with the response. A
great number of researchers have been looking into
ERA, trying to broaden its applications. Juang et al
proposed techniques to alleviate negative effects of
noise[9]. Pappa et al summarized its application on
system identification of Galileo spacecraft and one
solar array[10]. An indicator assessing the consistency
of modal parameters identified with the ERA was also
studied by Pappa at el[11]. Lew at el compared
effectiveness of four kinds of modal identification
algorithms[12].
This paper focus on the cross validation of modal
characteristics derived from FE model and ERA. The
FE model is built up by the software SAP2000 whilst a
GUI MATLAB toolbox developed by the Los Alamos
National Lab named DIAMOND [13] assisted in
executing the ERA. After a simple introduction on
building up the model, a comparison of modal
parameters (frequency, mode shape and damping ratio)
derived from two models will follow. The
effectiveness of ERA in steel frame structures is
illustrated through the cross validation of SAP2000
and ERA results. Finally, a conclusion and discussion
is provided.
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Eigensystem Realization Algorithm

Eigensystem realization algorithm (ERA) was
first proposed by Juang and Pappa in 1985 and was
illustrated by experimental results from Galileo
spacecraft [8]. After that, the algorithm has been
manifested in numerous studies.
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where x(t ) is the vector of displacements at time t ,

f (t ) is the vector of forces at time t . M , Cd , and K
are the mass, damping and stiffness matrices. The
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We obtained the continuous-time state-space
model:

y (t )  Ay (t )  Bf (t )

w(t )  Cy (t )  Df (t )

(9)

Since experimental or simulated data are discrete
in reality, a discretized version of state-space model is
necessary to simulate its dynamic behaviors. The
discrete-time state-space model of the structure is
stated as

y (k  1)  A d y (k)  B d f (k)

w (k)  Cd y (k)  Dd f (k)

Consider a multi-degree-of-freedom structure
described by the differential equation of motion below

Mx(t )  Cd x(t )  Kx(t )  f (t )

time. Change the set of second order differential
equations to first order differential equations

(10)

where y (k ) stands for the vector of states, f (k ) for
the vector of inputs, like the force applied on
structures. w(k ) represents the vector of outputs, like
the acceleration at the k -th step. Ad , Bd , Cd , Dd are
discrete-time state-space matrices. Let t be the
sampling period of discrete-time data, the discrete-time
state matrix A d can be obtained by applying a zeroorder hold approximation [14]

Ad  exp(At )

(11)

Based on the measurements of inputs and outputs,
a realization is the estimation of the state-space
matrices Ad , Bd , Cd , Dd from the response of the
structure. Obviously, there are an infinite number of
matrices Ad , Bd , Cd , Dd that could be used to
describe the input-to-output relationship of the
structure. Hence, in order to specify one set of
matrices, ERA uses the principles of minimum
realization to obtain a state-space representation of the
structure [8].
When ERA is used with both measurements of
inputs and outputs, the state-space matrices
Ad , Bd , Cd will be calculated. Then the modal
parameters of structures could be derived from
matrices A d , Cd . The four main steps in applying
ERA to extract modal parameters are stated below[8].
The first step is forming the Hankel Matrix H(k )

 h(k  1) h(k  2)

h(k  2)
H(k )  


 h(k  r  1) h(k  r )

h(k  s  1) 

h( k  s ) 
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where h(k ) is the impulse response at the k-th step.
and integers r, s determines dimension of the Hankel
matrix.
The second step is performing the singular value
decomposition of H(0) :

H(0)  UΣVT

(13)

where H(0) is the Hankel Matrix at k=0, matrices U
and V contains left and right singular vectors of H(0) .
Under theoretical condition, matrix Σ is a diagonal
matrix contains singular values of H(0) . Σ with rank
n can be expressed as

Σ
Σ n
 0

0

0

(14)

However, due to noise generated by data
acquisition process, the diagonal terms of Σ are
nonzero. As we have stated before, ERA based on the
principles of minimum realization. In practice, a
minimum realization is executed by eliminating the
smaller singular values, resulting in a minimum rank

matrix. In other words, a minimum order system
represents the structure. The corresponding rows and
columns in U and V are also eliminated to obtain
condensed matrices U n and Vn .
In the third step, estimated state-space matrix for
the discrete-time system can be calculated as:

A d  Σ n1/2 UTn H(1)Vn Σ n1/2
T
B d  Σ1/2
n Vn E m

(15)

Cd  ETn U n Σ1/2
n
where

ETn   I n

0

ETm   I m

0

(16)

The final step to complete ERA process is to
extract frequency, mode shape and damping ratio from
the state-space matrix for discrete-time matrices
Ad , Bd , Cd .
Let i , d i be the i-th eigenvalue of continuoustime state matrix A and discrete-time state matrix A d .
Recalling the relationship between A and A d , the
relationship between i and di can be shown as

i  ln(di ) / t

(17)

where t stand for the sampling period. The i-th
undamped natural frequency as well as the associated
damping ratio is calculated as

i | i | ,  i  Re(i )/ | i |
The i-th mode shape V is same as Vd , the i-th
eigenvector of matrix A d .

(18)
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Bridge Testbed Description
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3.1

Bridge testbed description

model
4.1

Modal analysis using finite element

Base model for finite element updating

According to the construction blueprint, the model
was built using SAP 2000, a finite element software
developed by Computers & Structures Inc.

Figure 1. Space frame bridge on Georgia Tech campus
[15]
The space frame bridge rests in the campus of
Georgia Tech, between the Manufacturing Research
Center(MARC) and the Manufacturing Related
Disciplines Complex(MRDC). Each of the eleven
bridge chord units has diagonal tension bars in two
vertical side planes and the top horizontal plane, while
each bottom unit consists of one diagonal bracing tube.
The support on the MRDC and the MARC side are
hinge and roller connections respectively. Specific
dimensions of the bridge are listed in Table I below.

Steel frame members are simulated using elastic
elements of beam and column, while tension bars
located on the sides and top of the bridge are modeled
as 3D truss elements. At the same time, since the
concrete slabs of the structure are connected to the
steel frame by sheer studs, they are set up as shell
elements that are fixed to the bottom plane of the
bridge frame, through which the bending moment
could be delivered.
Details such as cross section and material
properties can be found in the software database,
which covers the codes and standards from many
different countries.

Table I. Dimension of the structure
Dimension
Length
Width
Height
Concrete
floor slab
thickness
Cross
section
and
thickness
of square
tubes

Value
11×2.74m=30.2m(99ft)
2.13m(7ft)
2.74m(9ft)
0.139m(5.5in)
Figure 2. 3D model of space frame bridge

Top-plane
longtitude
Bottom-plane
longtitude
Others

0.152m×0.152m×0.0080m
(6in×6in×5/16in)
0.152m×0.152m×0.0095m
(6in×6in×3/8in)
0.152m×0.152m×0.0064m
(6in×6in×1/4in)

4.2

Model updating

To adjust the model and conform its results with
those of previous experiments, a few parameters are
chosen to be modified. Based on previous models built
by Dapeng Zhu at el [15], modifications on Young’s
modulus, density and support conditions are given in
Table II.
Table II. Modified parameters of the FE model

Initial
value

Optimal
value

Density(kg/m3)
Elastic Modulus
(N/m2)
Thickness(m)

2.40×103

2.40×103

2.49×1010

2.49×1010

1.27×10-1

1.40×10-1

Density(kg/m3)
Elastic
Frame
Modulus
tubes
Tension
(N/m2)
bars
Horizontal kx1

7.85×103

8.26×103

2.00×1011

1.90×1011

2.00×1011

1.90×1011

∞

7.01×105

Horizontal ky1

2.45×104

1.40×104

Vertical kz1

1.40×105

7.01×104

Horizontal ky1

2.45×104

1.40×104

Vertical kz1

1.40×105

7.01×104

Updating parameters

Concrete
Slab

MARC Side

z
y
x

Steel

Support

MRDC Side

The cross section of concrete slab is not a
common rectangular area, but with slopes on two sides
(see Picture 3). The thickness of the slab is 6 inch in
Time
history
the middle
and 5 inch on the rim. Thus, an average of
5.5 inch is used as the thickness of the slab in the
model.
Why huge gap…

(a)

(b)

(c)

Figure 4. FE model for the steel bridge: (a)3Dview of
the bridge model; (b)support condition at MRDC side
for model updating; (c)support condition at MARC
side for model updating.

4.3

Modal analysis result

6” thick at ridge

The frequencies and mode shapes of the first five
modes simulated by SAP2000 are as Figure X below.
5” thick at periphery

Figure 3. Top of concrete slab
Though rigid connections exist in idealistic
models, they are impossible in actual world. In the
bridge model, they rigid supports of the structure are
substituted by springs in three directions perpendicular
to each other --- the longitudinal, horizontal and
vertical direction. It could be seen in Figure 4 how the
springs are located.
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Mode 1

Lateral-1

f=4.07Hz

Mode 2

Vertical-1

f=4.53Hz

Compared to the experiment results, the
frequencies derived from the model show good
correspondence, which can be seen in Table III below.
The mode shapes also resemble with the experimental
data, depicted in Figure 6. Using the same selecting
standard as Dapeng Zhu at el, which is minimizing the
sum of the square of frequencies’ relative error [15],
the model proves to be a better simulation than the
model they had built.
Table III. Comparison with experiment results

Mode 3

Torsional-1

Modes

Experiment
(Hz)

Vertical-1
Torsional-1
Vertical-2

4.63
6.97
10.54

FE
simulation
(Hz)
4.53
6.73
10.70

f=6.73Hz

Vertical-1

Mode 4

Lateral-2

f=8.75Hz
Torsional-1

Mode5

Vertical-2

f=10.70Hz

Figure 5. First 5 modes of the FE model

Vertical-2

Error
2.16%
3.44%
1.52%

Hammer Excitation

Figure 6. Comparison of model shapes between

1.4

experimental results and FE analysis (Left: SAP2000
1.2

model, Right: Experiment results derived model)
1

5

Modal Analysis using ERA

5.1

Simulated data description

Force (kip)

0.8
0.6
0.4
0.2
0
-0.2

0

0.002

0.004

0.006
Time (s)

0.008

0.01

0.012

(a)
0.01

Hammer
Excitation

0.008
0.006
0.004

A hammer impact was conducted in the lateral
direction at point 23, as shown in Figure 7. The time
history of hammer excitation is shown in Figure 8(a).
Acceleration data in 3 directions from all 46 joints
were used in modal analysis. Figure 8(b) presents
example acceleration time histories recorded at point
56. For there are 46 joints and 138 DOFs in total, 138
data channels were collected during simulation, each
corresponding to acceleration record in one direction.
The sampling frequency of acceleration data is
5000Hz, equals to the sampling frequency of hammer
impact. During this simulation, 4 seconds of discrete
acceleration data were collected. The period of 4s is
chosen since the first frequency is approximately
4.6Hz. According to the finite element analysis, the
simulation time need not be too long.

Acc

0.002

Figure 7. Hammer excitation point

0
-0.002
-0.004
-0.006
-0.008
-0.01

0

0.5

1

1.5

2
Time (s)

2.5

3

3.5

(b)
Figure 8. Time history: (a) the hammer impact applied;
(b) acceleration record at point 56 in lateral direction
A digital low-pass filter was applied to
acceleration data to remove signal over 200Hz.
Sampling frequency of impulse response was down to
500Hz to decrease calculation time of ERA.

5.2

ERA results

DIAMOND toolbox [13] was used to calculate
ERA, and Comparison of the first 5 frequencies
derived from ERA, FE model and model by Dapeng
Zhu at el[15] is shown in Table IV.
Table IV. Comparison of the first 5 frequencies
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Modes
1
2
3
4
5

Sample Pearson Correlation Coefficient of mode shaps

FE model
(Hz)

ERA
(Hz)

4.07
4.53
6.73
8.75
10.70

4.07
4.53
6.73
8.75
10.70

1.01
point
1.008
1.006
1.004

Pearson Coefficient r

Model by
Dapeng Zhu
at el (Hz)
4.07
4.64
6.65
8.77
10.94

To compare mode shapes derived from ERA and
FE model, sample Pearson correlation coefficient is
used to quantify the linear correlation between mode
shapes. The sample Pearson correlation coefficient r
between X and Y is defined as:

r

 x y  nxy
  x  nx   y
i

2
i

i

2

2
i

1.002
1
0.998
0.996
0.994
0.992
0.99

1

1.5

2

2.5

3
Modes

3.5

4

4.5

(19)

 ny 2 

Figure 9. Pearson Correlation Coefficient Diagram
Both of comparison of frequencies and mode
shapes indicates good performance of ERA and
consistence between ERA and FE analysis.

where n is the length of vector, x is the sample
mean and analogously for y . Coefficient value r range
from zero to one. As a rule of thumb, coefficient r with
higher value indicates a good correlation between two
mode shapes. Value of the coefficient of the first 5
mode shapes is shown in

6

Conclusions

Sample Pearson Correlation Coefficient of mode shaps
1.01

Agreement between experiment results, finite element
model and ERA model has been demonstrated. When
the specific data of structure cannot be acquired, which
happens very often, model updating is necessary to
obtain sound results. The modifications must be
plausible and it would be better if the changes could be
supported by other references.

point
1.008
1.006

Pearson Coefficient r

1.004
1.002
1
0.998
0.996
0.994
0.992
0.99

1

1.5

2

2.5

3
Modes

3.5

4

4.5

Figure 9. Each of them is fairly close to 1.0,
indicating a good correlation between mode shapes.
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To execute system identification using ERA,
fundamental scheme and steps of ERA was presented.
Modal analysis was successfully conducted based on
simulated data. Comparison shows great consistency
between results from ERA and SAP2000. It validates
that ERA has good performance in system
identification of this steel frame bridge, identifying
frequencies and mode shapes accurately. Using the
recommended dimension of Hankel matrix [16], the
ERA will show good performance in system
identification of this bridge, with moderate
computation requirements.
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